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The relativistic Dirac equation with a scalar potential and the fourth component of a vector
potential of the Woods-Saxon shape is solved numerically for potential parameters obtained by a
last squares fitting procedure of the ground state binding energies of the /1 in a number of hypernu-
clei and its binding energies in the ground and excited states (as well as the relevant spacings) for
various hypernuclei are determined. The results are in very good agreement with the preliminary
experimental ones given by Chrien on the basis of the (7 . K ") reaction on nuclei.

1. Introduction

Our knowledge about the binding energies in the
ground and excited states of a A-particle in hyper-
nuclei was more limited a few years ago [1] than it is
now. In recent (7", K") experiments these energies
have been determined for a number of hypernuclei
ranging from $Be to ®*}Y [2]. These experimental re-
sults can be analysed by means of non-relativistic
quantum mechanics [3, 4]. Relativistic approaches
have also been undertaken [S—11].

In this paper we adopt the Dirac equation and as-
sume an average /-nucleus potential made up by an
attractive part Ug and a repulsive part Uy, both of the
Woods-Saxon type. We determine the parameters of
these potentials by a least squares fitting procedure
[11]. The calculated binding energies in the states 1s,
Ip. 1d. 1f 1g for various hypernuclei ranging from
9Be to 2°%Pb are then compared with the experimen-
tal ones given by Chrien [2]. We also calculate
the energy splittings 4, between the various states
and compare them with the results of other workers
[3, 12, 13].

2. Basic Formalism
We assume that the motion of the A-particle in
hypernuclei is governed by the Dirac equation [5-7,
9-11]
lca - p+puct+BUg(r+Uy(r)) y=Ey. (1)
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where a=(%,.%,.%;) and [ are Dirac matrices, \ is
the Dirac eigenfunction and E the total energy, i.c.

=e¢+puct=—B,+uc?,

where B, is the binding energy of the A particle in the
hypernucleus. The average A-nucleus potential was
constructed by means of an attractive scalar relativistic
single-particle potential Ug(r) (generated by a scalar
boson exchange interaction) and a repulsive relativis-
tic single particle potential Uy (r), which is the fourth
component of a vector potential (resulting from the
fourth component of a vector boson exchange inter-
action). From (1) one obtains the following radial
equation of the Schrodinger type [5—-7, 10]:
(1(1+1)  2u

"(r)— < — + — (Voenie (1, B
gl { 2 /l'( cente (s By)
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1
D(r) =
(r) /

1

j(Z/u':—B_,+U_(r)). (6)

(Our notation is the same as that of [5—7] and [9-11].

3. Numerical Results and Comments

Assuming that the potentials U, (r) are of the
Woods-Saxon shape
-D.

Uy (D= — i, 7
(,) ]+(,(r-t’bu ( )

where ¢ is given either by the simple expression [14]
¢ =FryAM? (8)

or by the more complicated one [15]
c=(1/2)'? rg A3 {[1+(142% 373 (rafry AV3)%)1213
+[1—(14+2%3 3 (mafry AVHO)VU3 - (9)

(where A4=A4_,.), we have solved the differential
eqution (2) numerically for the potential parameters
D, .D_.r,anda(determined by a least squares fitting
procedure of the ground state binding energy of the A
in a number of hypernuclei) [11], and we have found
the binding energies of the A-particle in the 1s, 1 p, 1d,
11, 1 g states in various hypernuclei. These results are
analysed and commented on below. Our treatment
being relativistic, the excited states are splited up nat-
urally into two states. and thus we give the binding
energies of the states 1 p5 5. 1p, 5. 1ds,, 1d5,, 15,5,
1f5,. 1g,. 125, for various hypernuclei. Since the
experimental resolution is of the order of 2 to 3 MeV
and the splitting of the levels (due to the spin orbit
coupling) is much smaller (around 0.1 to 0.2 MeV for
the heavier hypernuclei and around 1 MeV for the
lighter ones), we give also the binding energy of the
unsplitted states as the average of the corresponding
splitted ones, namely

B,(p32)+By(py2)

B,I(P)= 5

(10)
and similarly for the d, f and g states.

In order to see comparison as how much the poten-
tial V5 o (r, B,) (i.e. the spin orbit part) affects the bind-
ing energy of the states p, d, f and g we have calculated
also the binding energy of the unsplitted states using
only the central part of the potential, namely
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V. (r- By) (that is by taking Vg, (r. B,)=0). These
states are denoted by p..d.. f. and g.. As can be seen
from our tables the binding energies of the states p_,
d.. f.. g, differ very little from the binding energies of
the states p, d, fand g, the difference being of the order
of 0.1 MeV for the lighter hypernuclei and practically
zero for the heavier ones. Since experimentally only
the states p, d. f, g can be regognized due to an experi-
mental resolution of the order of 2 to 3 MeV, we see
that is not easy to deduce from the (7, K ™) experi-
ments the spin orbit coupling in hypernuclei.
Also in this work we give the spacing between the
various levels, namely
A, = B,(s)=B,(p) (1)

and A4,,. 44. 4y, defined analogously.
We have performed calculations with five sets of
potential parameters:

D, =298 MeV, r,=1.198 fm, D_ =300 MeV (fixed).
a =0.6 fm (fixed), y>=21.254,

D, =30 MeV, r,=1211fm, D_ =443 MeV (fixed),
a =0.6 fm (fixed), y*>=21.675,

283 MeV. r,=145fm, D_=443 MeV (fixed),
a =0.6 fm (fixed), y*>=12.009,

D, =29.5MeV, r,=1.153fm, D_=417 MeV,

D,

a =032fm, y? =14.733,
D, =282 MeV, ry=1475fm, D_ =427 MeV,
a =0.63fm, z? =1201.

For each set the corresponding value of 72 (goodness
of fit criterion) is indicated. The potential parameters
were obtained by a least squares fitting procedure, and
the parameters which were kept fixed in the fit are
indicated by the word “fixed”. The values of the fixed
parameters were inferred from other studies, namely
D_ =443 MeV from [8], D_ = 300 MeV from [7]. and
a=0.6 fm from [16].

The set of parameters which we think gave on the
whole the best agreement with the experimental re-
sults yielded the values given in Table 1. Correspond-
ing tables for the other four sets of parameters can be
obtained from the authors on request.

Figure 1 shows our results of the binding energies of
the A particle in hypernuclei in the states 1s, 1p, 1d.
1,1 ggivenin Table 1 fit the preliminary experimental
results of Chrien [2]. As it is seen, the agreement is very
good. Figure 2 shows how the spacings 4., and 4, of
various hypernuclei given in Table 1 fit the experimen-
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Fig. 1. The ground state and excited state binding energies of the A particle in hypernuclei calculated from (2) with the
potential parameters D, =29.8 MeV. r,=1.198 fm. D_ =300 MeV (fixed), a=0.6 fm (fixed), using c=r, A}, versus 47"
(crosses) and the preliminary experimental binding energie of various hypernuclei given by Chrien [2] (points with error bars).

Table 1. Binding energies (in MeV) of the ground and excited states as well as spacings between the (averaged) states for a
A particle in hypernuclei and for a number of hypernuclei obtained from (2) using the following potential parameters:
D, =298 MeV, r,=1.198 fm, D_ =300 MeV (fixed), a=0.6 fm (fixed), %> =21.254. For the radius ¢ expression (8) was used.

Aore Hyper- sy5 P32 P12 P pe Ay ds, dy, d d. Ao 72 fs2 [ fe Ay Yoo Y2 9 g.  Ag
nUCICI B,I B.‘ B.! B.l B,l B,I B.I B.1 B.i B,1 B1 B1 B1 B.1 B1 BI Bi
8 “Be 86 - - - -~ - -~ S — — — — = .
10 '\B 103 0.1
i1 %2C 11.0 05 0.3

e e 11.6 1.1 03 07 08 109

15 190 132 27 1.8 22 24110 - - - - -
27 28si 171 7.7 69 73 74 98

31 228 180 89 82 85 86 95 02 - - -

39 *Ca 193 109 103 10.6 107 87 23 14 18 19 88

50 Slv 206 129 12.5 127 128 79 48 39 44 44 83

88 By 232 172 169 17.0 17.1 6.2 104 98 10.1 102 69 33 24 29 29 73
137 '%Ba 247 199 19.8 19.9 199 4.8 144 140 142 142 57 83 76 79 80 63 1.9 09 14 1465
207 2°%PB 25.8 221 22.0 22.0 220 38 17.6 173 174 17.5 4.6 12.5 120 122 123 52 70 62 6.6 6.6 5.6
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Fig. 2. Spacings 4, and 4, appearing in Table I plotted versus A~ *?. The calculated values are given by crosses and the

experimental ones by points.

tal data. It is seen again that the agreement is very
good.

Dover [3] gave similar curves using the non-rela-
tivistic approach with the Woods-Saxon potential and
with a different expression for ¢. Non-relativistic calu-
lations concerning the oscillator spacing hw, = 4_, for
a A in hypernuclei were performed also in [12, 13,17,
18]. The results of these authors can somehow be
compared to the A spacing obtained by us though
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the comparison is not done on the same footing since
our treatment is relativistic.
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